ISOMETRIC IMMERSIONS INTO §" x M AND H" x 
\^" ■ AND APPLICATIONS TO MINIMAL SURFACES 

o 
o 

^ ■ BENOIT DANIEL 

^J ' Abstract. We give a necessary and sufficient condition for an n-diniensional 

Riemannian manifold to be isometrically immersed in §" X K or H" X K in terms 
*vj ' of its first and second fundamental forms and of the projection of the vertical 

#>/i ' vector field on its tangent plane. We deduce the existence of a one-parameter 

family of isometric minimal deformations of a given minimal surface in S X M 
or \ 

o 
q 

r^ ' 1. Introduction 

-4— > 

It is well known that the first and second fundamental forms of a hypersurface 
of a Riemannian manifold satisfy two compatibility equations called the Gauss and 
Codazzi equations. More precisely, let V be an orientable Riemannian manifold of 
dimension n + 1 and V a submanifold of V of dimension n. Let V (respectively, 
K*" I V) be the Riemannian connection of V (respectively, V), R (respectively, R) the 

^>^ . Riemann curvature tensor of V (respectively, V), i.e., 

^ ■ R(X, Y)Z = VyVxZ - VxVyZ + V[x,Y]Z, 

^—v ' and S the shape operator of V associated to its unit normal iV, i.e., SX = — Vx-^- 

■<!;;j- , Then the following equations hold for all vector fields X, Y, Z on V: 

R{X, Y)Z - R(X, Y)Z = (SX, Z)SY - (SF, Z)SX, 

VxSr - Vy^X - S[X, Y] = R(X, Y)N. 

a These are respectively the Gauss and Codazzi equations. 

In the case where V is a space form, i.e., the sphere S""*"^, the Euclidean space 
^ \ M"+^ or the hyperbolic space H""'"-'^, these equations become the following: 

^ {R{X,Y)Z,W) ~ n{{X,Z){Y,W) - {Y,Z){X,W)) 



O 



X 



^^^ - (sx,z)(sr,Ty>-(sx,Ty)(sr,z), 

(2) Vxsr- Vysx-s[x,y] = 0, 

where k is the sectional curvature of V, i.e., k = 1, 0, —1 for 8"+-'^, M"+-'^ and H"+-'^ 
respectively. Thus the Gauss and Codazzi equations only involve the first and 
second fundamental forms of V; they are defined intrinsicly on V (as soon as we know 
S). This comes from the fact that these ambiant spaces are isotropic. Moreover, in 
this case the Gauss and Codazzi equations are also sufficient conditions for an n- 
dimensional simply connected manifold to be immersed into V with given first and 
second fundamental forms: if V is a Riemannian manifold endowed with a field S of 
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symmetric operators Sj, : TyV -^ Tj,V such that (^ and (O hold (where R denotes 
the Riemann curvature tensor of V) , then there exists an isometric immersion from 

V into V with S as shape operator. The reader can refer to |Car92| . and also to 
|Ten71| for a proof in the case of M"+^ 

In the case of a general manifold V, the Gauss and Codazzi equations are not 
defined intrinsicly on V, since the Riemann curvature tensor of the ambiant space 

V is involved. Yet, in the case where V = S" x R or V = H" x R, these equations 
are well defined as soon as we know: 

(1) the projection T of the vertical vector ^ (corresponding to the factor R) 
onto the tangent space of V, 

(2) the normal component v of ^, i.e., v = {N, ^). 

Indeed, the Gauss and Codazzi equations become the following: 

R{X,Y)Z = {SX,Z)SY -{SY,Z)SX 

+k{(X, Z)Y ~ (Y, Z)X - (y, T)(X, Z)T 

- {X, T) (Z, T)Y+ {X, T) (y, Z)T+ (F, T> (Z, T)X), 

VxSr- VySx-s[x,r] = kv{{y,t)x- {x,t)y), 

where k — 1 and k = — 1 for §" x M and H" x M respectively. 

The Gauss equation can be formulated in the following equivalent way: the 
sectional curvature K{P) (for the metric of V) of every plane P C TV satisfies 

X(P)=detSp + /.(l-||rp|n 

where Sp is the restriction of S on P and Tp the orthogonal projection of T on P. 
The first aim of this paper is to give a necessary and sufficient condition in order 
that a Riemannian manifold with a symmetric operator S can be isometrically 
immersed into S" x R or HI"' x R with S as shape operator. More precisely, we prove 
the following theorem. 

Theorem ftheorem 13. 3|) . Let V be a simply connected Riemannian manifold of 
dimension n, ds^ its metric (which we also denote by (•, ■)) and V its Riemannian 
connection. Let S be a field of symmetric operators Sj, : TyV — > T^V, T a vector 
field on V and v a smooth function on V such that ||T|p + i^^ = 1. 

Let M" = §" or M" = H". Assume that (ds^S,^,^/) satisfies the Gauss and 
Codazzi equations for M" x M and the following equations: 

VxT == uSX, Au{X) = -(SX, T). 

Then there exists an isometric immersion / : V — > M" x R such that the shape 
operator with respect to the normal N associated to f is 

d/oSod/-i 

and such that 

Moreover the immersion is unique up to a global isometry o/M" x R preserving the 
orientations of both M" and R. 



The two additional conditions come from the fact that the vertical vector field 

di 



— is parallel. 



The method to prove this theorem is similar to that of Tenenblat f jTenTlj ): it 
is based on differential forms, moving frames and integrable distributions. 
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This work was motivated by the study of minimal surfaces in S^ x M and H^ x R. 
There were many recent developments in the theory of these surfaces. Rosenberg 
(' |Ros02 bl') studied the geometry of minimal surfaces in S^ x M, and more generally 
in M X R where M is a surface of non-negative curvature. Nelli and Rosenberg 
f |NR02j ') studied minimal surfaces in H^ x R and proved a Jenkins-Serrin theorem. 
Hauswirth ("Hau03') constructed many examples in M^ x R. Meeks and Rosenberg 
( MR,03 ) initiated the theory of minimal surfaces in M x R where Af is a com- 
pact surface. Recently, Abresch and Rosenberg ( |AR03p extended the notion of 
holomorphic Hopf differential to constant mean curvature surfaces in §^ x R and 
H^ X R; using this holomorphic differential, they proved that all immersed constant 
mean curvature spheres are embedded and rotational. 

In this paper, we use our theorem 13. 31 to prove the existence of a one-parameter 
family of isometric minimal deformations of a given minimal surface in §^ x R or 
H'^ X R. This family is obtained by rotating the shape operator; hence it is the 
analog of the associate family of a minimal surface in R^^. This is the following 
theorem. 

Theorem fthcorem l4.2|l . Let Y, he a simply connected Riemann surface and x : 
S —)■ M^ X R a conformal minimal immersion. Let N be the induced normal. Let 
S be the symmetric operator on S induced by the shape operator of x{Y,). Let T 
he the vector field on E such that da;(T) is the projection of ^ onto T(a;(S)). Let 

Let Zq G S. Then there exists a unique family (x6/)egR of conformal minimal 
immersions xg : Y. ^ WP x R such that: 

(1) xe(zo) = x{zo) and {dxg)^^ = (da;)^o, 

(2) the metrics induced on T, by x and xg are the same, 

(3) the symmetric operator on E induced by the shape operator of xg{ll) is e^''S, 

(4) ^ = dxg{e^'^T) -\- i/Ng where Ng is the unit normal to xg. 

Moreover we have xq — x and the family (xg) is continuous with respect to 9 . 

In particular taking — ^ defines a conjugate surface; the geometric properties 
of conjugate surfaces in M^ x R and in R^^ are similar. Finally, we give examples of 
conjugate surfaces. In §^ x R, we show that helicoids and unduloids are conjugate. 
In H^ X R, we show that helicoids are conjugated to catenoids or to minimal surfaces 
foliated by horizontal curves of constant curvature belonging to the Hauswirth 
family (see JlauOS^). 

2. Preliminaries 

Notations. In this paper we will use the following index conventions: Latin letters 
i, J, etc, denote integers between 1 and n, Greek letters a, /3, etc, denote integers 
between and n + 1. For example, the notation A* = i?*- means that this relation 
holds for all integers i, j between 1 and n, the notation J^a ^a means Cq + Ci + 

■ ■ ■ + Cn+l- 

The set of vector fields on a Riemannian manifold V will be denoted by X(V). 
We denote by ^ the unit vector giving the orientation of R in M" x R; wc call 
it the vertical vector. 

2.1. The compatibility equations in M" x R. Let M" = §" or M" = H"; in 
the first case we set k = 1 and in the second case we set k = —1. Let R be the 
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Riemann curvature tensor of M" x K. Let V be an oriented hypersurface of ] 
and N the unit normal to V. 

Proposition 2.1. For X, Y,Z,W e X(V) we have 

{R{X,Y)Z,W) - k{{X,Z){Y,W)-{Y,Z){X,W) 

- (r, T) (W, T) {X, Z) - (X, T> {Z, T) (r, W) 
+ {X,T){W,T){Y,Z) + {Y,T){Z,T){X,W)), 

{R{X,Y)N,Z) ^ Ky{{X,Z){Y,T) - {Y,Z){X,T)), 

where 

d 



and T is the projection of -4^ on TV, i.e., 

Proof. Any vector field on M" x M can be written X{m,t) = (X*4„(m), X™(i)) 
where, for each f e M, X^„ is a vector field on M", and, for each m € M", X^ is 
a vector field on M. Then for X, Y,Z,W e X(M" x E) we have 

{RiX,Y)Z,W) = (Rm"(^M'.,1m-.)Zm",Wm") 

— k{{Xm" , Zm") (Ym" ,Wm") — {Ym^,Zm"){Xm",Wm"))- 

We have Xm- ^ X - {X,-§^) §-^. Thus, if X e TV, we have Xm- = X - 
(X,T)-S^, and similar expressions for Y,Z,W G TV. A computation gives the 
expected formula for {R{X, Y)Z, W). 

Finally we have Nm" = N — i/-^, so a, computation gives the expected formula 

for (R(A:,y)iV,Z>. D 

Using the fact that the vector field ■&■ is parallel, we obtain the following equa- 
tions. 

Proposition 2.2. For X G X(V) we have 

VxT = iySX, dv{X)=-{SX,T). 

Proof We have ^ = T + i/7V and Vx-^ = 0. Thus we get 

= VxT + {diy{X))N + vVxN = Va'T + (SAT, T)N + {diy{X))N - vSX. 

Taking the tangential and the normal components in this equality, we obtain the 
expected formulas. D 

Remark 2.3. In the case of an orthonormal pair (A, Y) we get 

(R(A,y)A,r) = k(i- (y,t)^ - (A,r)2). 

The reader can also refer to section 3.2 in |AR03| . 
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2.2. Moving frames. In this section we introduce some material about the tech- 
nique of moving frames. The reader can also refer to |R.osfl2aj . 

Let V be a Riemannian manifold of dimension n, V its Levi-Civita connection, 
and R the Riemannian curvature tensor. Let S be a field of symmetric operators Sj, : 
TyV -^ TyV. Let (ei, . . . , e„) be a local orthonormal frame on V and {uj^, . . . , uj") 
the dual basis of (ei, . . . , e„), i.e., 

w*(efc) = SI. 

We also set 

w"+i = 0. 

We define the forms t^;*, w""*"^, cj,\_|_j and cjJJ^^ on V by 

Then we have 

» i 

Finally we set i?^; = (R(efe, e;)ej, e^). 
Proposition 2.4. FKe /love t/ie following formulas: 

(3) doj* + ^w;AcjP = 0, 

(4) ^c.p"+iAc.^ = 0, 

(5) dc.;. + E '^P ^ ^' - -^ E E ^^y^' ^ ^'' 

(6) d^'+i + E'^r' ^ '^i = ^ E E(^-^Sej - Ve.Sefc - S[efc, ei],e,)Lu'' A c^'. 
p fc I 

Proof. These are well known formulas. However, since our conventions slightly 
differ from those of |Ten71| and |R,os02aj , we give a proof for sake of clarity. 

We have dw'(ep,e,) = -w*([ep,e,]) = -^'(Vepe, - Ve,ep) = -w*(ep) + w^(eg) 
and X]fc^fcAw'^(ep,eg) = ^(ep) — Wp(eq), so © is proved. And we have ^^,(0;^+"^ A 
w'')(ep,eq) = w^'+i(ep) - w^'+i(e^) = (Sep,eg) - (Seg,ep) = 0, so (gj) is proved. 



We have uj) = J2k{(^t''^c 



.ei)ijj^ , so 



fe / k 



k I 
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Moreover we have 

k I k I q 

I g 
On the other hand we have 

Y^^'pAujP = ^^^(e„Ve,ep)(ep,Ve,ej>'Ac^'= 

p kip 

k I p 



im^^'^'^^'^-'^^j)^'^^' 



k I 

Thus we conclude that 



p k I 

Adding this equahty with itself after exchanging k and I and using the fact that 
w*-' A w' = — w' A w'^, we get 



\ P J k I 



(ej,R(efc,ei)ej)w' Aw'^, 



and finally we get jSJ. 

We have lo'^+^ = Y.k{^^k,ej)^^ , so 



fe i fc 

k I k I 

Moreover we have 

^^{Sek,ej)Ljf hJ = ^^^(Sefc,e,)(efc,Ve,ej)w«Au;' 

fe i k I q 

= EE^^^j'^-.^')^"^^'- 

On the other hand we have 

E'^r'^^J = EE<Sefc,e>^-Ac.^^ 

p k p 

= EEE^^^fc'^p^^^p'^^'^j)^''^^^' 
= EE<^^'='^-'^j>'^"''- 

A; i 
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Thus we conclude that 

p k I 



^^(gj, Ve^Sefe - S^e^EkW ^UJ^ 



k I 



Adding this equahty with itself after exchanging k and I and using the fact that 

uj^ Auj'' = —uj'- Auj'^, we get 

^(d^r' + E^^'^^j) = EE^^j-'^-^^^^'^-^'^^^^'-^t^''^'^])^'^^'' 

\ p J k I 

and finally we get ©■ □ 

2.3. Some facts about hypersurfaces of §" x R and H" x M. In this section 
we consider an orientable hypersurfacc V of M" x M with M" = §" or M" = H". 

We denote by L^ the p-dimensional Lorentz space, i.e., MP endowed with the 
quadradic form 

We will use the following inclusions: we have 

§" = {(x", . . . , x") e M"+^ (x")2 + Y^ix'f = 1} 

i 

and so 

S" x R c R"+^ X R = R"+2, 
and we have 

H" = {(x", . . . , x") e L"+^ -{x"f + E(2;*)' = -1' ^° > 0} 

i 

and so 

H" X R C L"+i X R = L"+2. 

In the case of S" x R we set k = 1 and E"+2 = R"+2. In the case of H" x R we set 
K = -l andE"+2 =]L"+2. 

We denote by V, V and V the connections of V, M" x M and E"+^ respectively, 
by N{x) the normal to M" x M in E"+2 at a point x e M" x R, i.e., 

7V(a;) = (x°,...,x",0), 

and by N{x) the normal to V in M" x R at a point a; € V. We denote by S the shape 
operator of V in M" x R. The shape operator of M" x R is SX = -KdN{X) = 
K {—X + (X, ^) ^) ; we should be careful with the sign convention in the definition 
of the shape operator: here we have chosen 

VxY = VxY+{SX,Y)N, 

i.e., 

(sx,y) = K(Vxr,7V), 

because in the case of S" x R we have {N, iV) = 1 whereas in the case of H" x R 

we have {N,N) = -1. 
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Let (ei, . . . , Cn) be a local ortlionormal frame on V, e„+i = N and cq ~ N (on 
V). We define the forms a;*, o;"'^^, uj'nj^i and uol\'^\ as in section TI7^ Moreover we 
set 

w°(efe) = (Sefe,e^) = -K(efc, e^,) + k / e^, — \ {^i^'qIJ^ 

7 

With these definitions we have 



Let (i^oi • • ■ 7 £'n+i) be the canonical frame of E"+^ (with {Eq,Eq) = k and 

)e the matrix ( 
ss of the ep in 

ef3 = J2^pE^ 



En+i = -m)- Let v4 G M„+2(K) be the matrix (the indices going from to n + 1) 
whose columns are the coordinates of the efj in the frame {Ea), i.e 



Then, on the one hand we have 

a 

and on the other hand we have 

a 7 

Thus we have 

with 17 — {u!p) £ M„+2(IR), the indices going from to n + 1. 
Setting G ~ diag(K, 1, . . . , 1) G M„+2(R), we have 

A e S0+(E"+2), n e so(E"+2) 

where SO^(E"+^) is the connected component of I„+2 in 

S0(E"+2) = {Ze M„+2(M);'ZGZ = G,dctZ = 1}, 

and where 

so(E"+2) = {He M„+2 (M) ; 'i/G + GH = 0}. 
In the case of S" x R we have S0+(E"+2) = S0(K"+2). 

3. Isometric immersions into §" x M and H" x K 

3.1. The compatibility equations. We consider a simply connected Riemannian 
manifold V of dimension n. Let ds^ be the metric on V (we will also denote it by 
(•, •)), V the Riemannian connection of V and R its Riemann curvature tensor. Let 
S be a field of symmetric operators Sy : TyV -^ T^V, T a vector field on V such 
that ||r|| ^ 1 and v a smooth function on V such that ly^ ^ I. 

The compatibility equations for hypersurfaces in S" x R and H" x R established 
in section in] suggest to introduce the following definition. 
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Definition 3.1. We say that (ds^, S,T, i/) satisfies the compatibihty equations 
respectively for §" x M and H" x M if 

\\T\\' + i^' = l 

and, for allX,y,Ze X(V), 

R{X,Y)Z = {SX,Z)SY-{SY,Z)SX 
(7) +Ki{X,Z)Y-{Y,Z)X-(Y,T){X,Z)T 

- {X, T) {Z, T)Y+ {X, T) {Y, Z)T + {Y, T) (Z, T)X), 

(8) VjfSr- VySx~s[x,r] = kv{{y,t)x- {x,t)y), 

(9) VxT = i^SX, 

(10) diy{X) = -{SX,T), 

where k — I and k — —1 for §" x M and H" x K respectively. 

Remark 3.2. We notice that Q implies (|10|l except when v ~ (by differentiating 
the identity {T,T) + v"^ = \ with respect to X). 

3.2. Codimension 1 isometric immersions into §" x M and M" x M. In this 
section we will prove the following theorem. 

Theorem 3.3. Let V he a simply connected Riemannian manifold of dimension 
n, ds^ its metric and V its Riemannian connection. Let S be a field of symmetric 
operators Sy : TyV —^ TyV, T a vector field on V and v a smooth function on V 
such that WTW^ + iy^ = 1. 

Let M" = §" or M" = W\ Assume that {ds'^,S,T,iy) satisfies the compatibility 
equations for M" x M. Then there exists an isometric immersion / : V — > M" x M 
such that the shape operator with respect to the normal N associated to f is 

dfoSodf-^ 

and such that 

|=d/(T) + .^. 

Moreover the immersion is unique up to a global isometry o/M" x M preserving the 
orientations of both M" and M. 

To prove this theorem, we consider a local orthonormal frame (ei, . . . ,e„) on 
V and the forms u;% uj'^^-^, w*, uj"^^, "^n+i ^^d (jJ^^tl as in section HTH We set 
E"+2 = R"+2 or E"+2 = L"+2 (according to M"). We denote by (^o, • ■ • , K+i) 
the canonical frame of E"+^ (with {Eq, Eq) ~ —1 in the case of L^^^); in particular 
we have En+i = ■§1- We set 

T^ = {T,ek), r"+i = i/, T" = 0. 

Moreover we set 

a;^"(efc) = k{T^T^ - 5}-), c^°+i(efe) = kvT\ 
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We define the one-form 77 on V by 

rj{X)^{T,X). 

In the frame (ei, . . . ,e„) we have 77 — J^k'^''^''- Finaly we define the following 
matrix of one-forms: 

n = {lo'^) e M„+2(M), 
the indices going from to n + 1 . 

From now on we assume that the hypotheses of theorem i3.3l are satisfied. We first 
prove some technical lemmas that are consequences of the compatibility equations. 

Lemma 3.4. We have 

drj = 0. 

Proof. We have 

dr,{X,Y) = X-r^{Y)-Y-ri{X)-7^i[X,Y]) 

= {VxT,Y)-{VyT,X) 

= {iySX,Y)-{i^SY,X) 

= 0. 
We have used condition ©. D 

Lemma 3.5. We have 

dr" = ^r'^w2;. 

7 

Proof. This is a consequence of condition @ for a — j, of condition 1)10(1 for 
a = n+ 1, and of the definitions for a = 0. D 

Lemma 3.6. We have 

df7 + SI A r^ = 0. 

Proof We set * = df] + f7 A f7 and i?^;^. = (R(efe, e,)ej, Ci). 
By proposition 12.41 we have 

*^- = -^ E E ^^y^' ^ ^' + ^n+i A <+' + ^0 A iol 

k I 

Since the Gauss equation is satisfied we have 

^klj — ^klj 



Rli,=Rl,,+Lo-+'ALO-+\ek,ei) 



with 



Rl = Kidpl - S]d^ - T^T'6^ - T'^T^Sl + T''T'S\ + T'T^'^f ). 



On the other hand, a computation shows that ujQALUj{ek, ei) — R\.ij. Thus we have 
Kio = <+i A uj'-+^{ek,ei) -^ lj}^ A oj'^{ek,ei). We conclude that *} = 0. 
By proposition 12.41 we have 

*r' - ^EE^^^-^S^' - ^-'^""^ - S[efc,ei],e,>^ A^' +coo"+i Ao;^". 

Since the Codazzi equation is satisfied we have 

(Ve.Sez - Ve,Sefc - S[efc,ez],e,) = i^{T'T"+^S^ - T^T^+i^). 

On the other hand, a computation shows that Wq^^ A uj^Aek,ei) = k{T''T"^^Sj — 
r'T"+i(5j^). We conclude that ^"+^ = 0. 
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We have w^ — K{T^r] -- oj^). Since drj = (by lemma IT^ we get 
duj° = K{dT^ Ar]~duj^) = KdT^ A ry + k ^ w^ A w'^ 

k 

by proposition 1^31 Thus by a straightforward computation we get 

*°(ep,eg) = da;^"(ep,e,)+^w|?Aw}-(ep,eg)+w°+iAw;+i(ep,eg) 

fc 
= K(dT-'(ep)77(e,) - dT^eq)T]{ep) + uj'gie.p) - cj^(e,)) 

+K (tp J2 r'^|(e«) -T'Y. T'^H^p) - ^'i^i) + %'(^p) ) 

V A: fc / 

Using the definition of rj and lemma 1X51 for a — j,we conclude that il'"^^ = 0. 

We have wO+i = kT'^+^t], and so dwJJ_^i = KdT"+i A r/ by lemma E31 Thus by 
a straightforward computation we get 

*°+i(ep,eg) = dw°+;^(ep,eg)+^w5? Aa)^+i(ep,e,) 

fe 
= K{T''dT"+\ep) - TPdT"+\eq)) 

+K (T^^TV';+i(e,) -r'^5]r^-^^+i(ep) ) 
V fc fc / 

The last two terms cancel because S is symmetric. Using lemma IT^ for a — n + 1, 
we conclude that ^°_|_i = 0. 

The fact that *§ = and 'i'^Xi = is clear. We conclude by noticing that 

*:,+! = -*r' = 0. D 

For y eV, let Z{y) be the set of matrices Z e S0+(E"+2) such that the coef- 
ficients of the last line of Z are the TP{y). It is a manifold of dimension "^'y" ' 
(since the map F : S0+(E"+2) -^ §(E"+2)^ ^ ^ {Z^^^)(3 (i.e., F{Z) is the last line 
of Z), where §(E"+2) ^ {x e E"+2; {E, E) = 1}, is a submersion). 

We now prove the following proposition. 

Proposition 3.7. Assume that the compatibility equations for M" x M are satisfied. 
Let j/o e V and Aq £ Z(jjo). Then there exist a neighbourhood Ui of yo in V and a 
unique map A : Ui ^ SO (E""*"^) such that 

A^^dA^n, 
yy e C/i, Aiy) e Z(y), 
A{yo)=Ao. 
Proof. Let U he a coordinate neighbourhood in V. The set 

J = {{y, Z)eUx S0+(E"+2); Z e Z{y)} 
is a manifold of dimension n + ^^-^ — - , and 

T(,,^) J = {{u, C) e TyU ® TzS0+(E"+2); C;j+i = {dTP)y{u)}. 
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Indeed, in the neighbourhood of point of U there exists a map y i— *■ M[y) G 
S0+(E"+2) such that the last hne of M{y) is (T^{y))i3, and we have Z e Z{y) 
if and only if 



-1 I B 



ZM{y) -10 1 

for some B € SO~''(E"+-'^); then, if (p is a local parametrization of the set of such 
matrices, the map (j/, v) i-^- (y, (p{v)M{y)) is a local parametrization of 3^. 

Let Z denote the projection U x S0+(E"+2) -^ S0+(E"+2) c M„+2(M). We 
consider on 3^ the following matrix of 1-forms: 

e = z-^dz -n, 

namely for {y, Z) e ? we have 

0(a,z) : T^{y,z)^ -^ 3V[„+2(K), 

We claim that, for each {y, Z) £ J', the space 

2)(2/,Z)=ker 9(^,2) 

has dimension n. We first notice that the matrix 8 belongs to so(E"+^) since il 
and Z^^dZ do. Moreover we have 

7 7 

by lemma 1^51 Thus the values of Q(y^z) lie in the space 

■K = {H C so+(E"+2); {ZH)'I:+^ ^ 0}, 

which has dimension ^^^^ (indeed, the map F : S0+(E"+2) ^ §(E"+2),Z ^ 
{ZJ^^^)p is a submersion, and we have H £ 3-C ii and only if ZH e ker(dF)2). 
Moreover, the space T^yZ)^' contains the subspace {{0,ZH); H e !K}, and the 
restriction of Q{y^z) on this subspace is the map (0, ZH) i—f H. Thus 0(j/,z) is onto 
3i, and consequently the linear map 0(j,,z) has rank -^^^^ — '-. This finishes proving 
the claim. 

We now prove that the distribution D is involutive. Using lemma rTHl we get 

de = -z-^dz AZ-^dz -dn 

= -{e + n)A{e + n)-dn 
= -eAe-OAn-nAO. 

From this formula we deduce that if ^1,^2 G 23, then d0(^i,^2) = 0, and so 
e(Ki,6]) = 6 • 0(6) - 6 • 0(^1) - d0(6,6) = 0, i.e., [^1,6] e ©. Thus the 
distribution 1) is involutive, and so, by the theorem of Frobenius, it is integrable. 

Let A be the integral manifold through {yo,Ao). If C G TyioSO"''(E"+^) is such 
that (0,C) e Tiyo,Ao)^ = 2)(yo,^o), then we have = 0fe„,Ao)(O,C) = ^^'C- This 
proves that 

Tfeo,Ao)^n ({0} X T^„S0+(E"+2)) = {0}. 

Thus the manifold A is locally the graph of a function A : Ui ^ SO~''(E"+^) where 
Ui is a neighbourhood of yo in U. By construction, this map satisfies the properties 
of proposition 1X71 and is unique. D 

We now prove the theorem. 
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Proof of theorem \S.'A Let yo E ^, A E Z(yo) and to G K. Wc consider on V a local 
orthonormal frame (ei, . . . , en) in the neighbourhood of yo and we keep the same 
notations. Then by proposition l3 . 71 there exists a unique map A : Ui ^ SO'''(E"+^) 
such that 

A-^dA = n, 

yyeU,, Aiy)eZiy), 
A{yo) = Ao, 
where f/i is a neighbourhood of yo, which we can assume simply connected. 

We set f° = Aq, f^ = Aq and we call /""""^ the unique function on Ui such that 
(jyn+i _ ^ g^j^j /""""^(yo) = to (this function exists since Ui is simply connected 
and d?? = 0). Thus we defined a map f : Ui ^ E"+2. Since ^[^+^ = T° = and 
A e S0+(E"+2), in the case of S"xR we have if°f + J2^i^? = Ea(^o)^ = 1' and 

inthecaseofH"x]Rwehave-(/")2+X;,(r)^ = -(^o)^+Ez(^o)^ + (^r^)^ =-1 
and /° = Aq > 0. Thus in both cases we have (/", ...,/") G M", i.e., the values 
of / lie in M" x M. 

Since AA = ^il, we have, for a < n + 1, 

dr(efe) = ^A^"c.i5(e,)+^5J+iC.o"+i(efe) 
— ^k ^ / .^fl^fl 



/3 



4" 



and 



dr+^e.) - ^(e.) = T'^ - Ar 



This means that df{ek) is given by the colunm k of the matrix A. 

Since A is an invertible matrix, d/ has rank n, and so / is an immersion. And 
since A £ SO"'"(E"+^), we have (d/(ep),d/(eq)) = 6^, and so / is an isomctry. 

The columns of A{y) form a direct orthonormal frame of E"+^. Columns 1 to 
n form a direct orthonormal frame of Ty(j,)/('V) and column is the projection of 
f{y) on M" X {0}, i.e., the unit normal N{f{y)) to M" x M at the point f{y). Thus 
column (n + 1) is the unit normal N{f{y)) to /(V) in M" x M at the point f{y). 

We set Xj = df{ej). Then wc have 

{dX,(X,),N) ^ 5]dv4^"(e,X+i=^^A^<+iC.J(e,) 

This means that the shape operator of /(V) in M" x M is d/ o S o d/^^. 

Finally, the coefficients of the vertical vector ^ = E'n+i in the orthonormal 
frame {N, Xi, . . . , Xn,N) are given by the last line of A. Since A{y) € Z{y) for all 
y e C/2 we get 

— = ^ T^Xj + T'+'^N = df{T) + i/iV. 
j 
We now prove that the local immersion is unique up to a global isometry of 
M" X R. Let / : C/3 ^ M" x K be another immersion satisfying the conclusion 
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of the theorem, where U3 is a simply connected neighbourhood of yo included in 
Ui, let (Xp) be the associated frame (i.e., Xj — df{ej), Xn+i is the normal of 
/(V) in M" X M and Xq is the normal to M" x M in E"+2) and let A the matrix 
of the coordinates of the frame {Xfs) in the frame (Ea). Up to a direct isometry 
of M" X M, we can assume that f{yo) = fivo) and that the frames (X^(yo)) and 
(Xisiyo)) coincide, i.e., A{yo) — A{yo). We notice that this isometry necessarily fixes 
■S^ since the T" are the same for x and x. The matrices A and A satisfy A~^d^ = fi 
and A^^dA = n (see section |2i3l , A{y),A{y) e Z{y) and A{yo) = A{yo), thus by 
the uniqueness of the solution of the equation in nroposition lH . 7l we get A{y) = A{y). 
Considering the columns of these matrices, we get /* — /' and /° = /°. Finally 
we have d/"+i = 77 = d/"+i and r+\yo) = /"+^(2/o), thus we have /"+i = /"+i. 
This finishes proving that f — f on U3. 

Finally we prove that this local immersion / can be extended to V in a unique 
way. Let yi G V. Then there exists a curve F : [0, 1] — > V such that r(0) = yo and 
F(l) = 2/1. Each point of F has a neighbourhood such that there exists an isometric 
immersion (unique up to an isometry of M" x K preserving the orientations of M" 
and R) of this neighbourhood satisfying the properties of the theorem. From this 
family of neighbourhoods we can extract a finite family (VFi, . . . , Wp) covering F 
with Wi — Ui. Then the above uniqueness argument shows that we can extend 
successively the immersion / to the Wk in a unique way. In particular /(yi) is 
defined. Moreover, this value /(yi) does not depend on the choice of the curve F 
joining yg to yi because V is simply connected. D 

Proposition 3.8. // (ds^, S,T, i^) satisfies the compatibilty equations and corre- 
spond to an immerion / : S ^ M" x M., then (ds^, — S, T, —u), (ds^, — S, —T, v) and 
(ds^, S, — T, — i^) also satisfy the compatibilty equations and they correspond to the 
immersion (7 o f where a is an isometry of M" x R 

(1) reversing the orientation o/M" and preserving the orientation o/R in the 
case of {ds^,—S,T,—h'), 

(2) preserving the orientation of M" and reversing the orientation of R in the 
case of (ds^, — S, — T, v), 

(3) reversing the orientations of both M" and R in the case of (ds^, S, — T, —ly). 

Proof. We deal with the first case (the two others are similar). Let / = cto /. Then 

the normal to M" x M is cr o iV, and since a reverses the orientation of M" x M the 

normal to /(V) in M" x R is TV = -cr o iV. From this we deduce that S = -S. 

Moreover we have ^ = d/(T) + lyN, and so, since a preserves the orientation of R 

we have 

d 

— = cr o d/(r) + i/cr o iV = d/(r) - lyN. 

We conclude that T ^ T and i) = —v. D 

3.3. Remark: another proof in the case of H" x R. In this section we outline 
another proof of theorem |3.3l in the case of H" x R that does not involve the Lorentz 
space. Greek letters will denote indices between 1 and n + I. 

We first consider an orientable hypersurface V of an (n + l)-dimensionnal Rie- 
mannian manifold V. Let (ei, . . . , e„) be a local orthonormal frame on V, e„+i the 
normal to V, and {Ei, . . . , En+i) a local orthonormal frame on V. We denote by V 
and V the Riemannian connections on V and V respectively, and by S the shape 
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operator of V (with respect to the normal e„+i). We define the forms w", ojg on V 
as in section IT^ Then we have 

7 

Let A G SO„+i(R) be the matrix whose columns are the coordinates of the e/s 
in the frame (Ea), namely A^ = {ep^Ea). Let fi = (w^) e M„+i(M). The matrix 
A satisfies the following equation: 



A-^dA = n + L{A) 



with 



u\ 



fe \j.5,6 

where the T^^ are the Christoffel symbols of the frame (£"„). Notice that these 
matrices have size n + 1, whereas those of section |^1 have size n + 2. 

We now assume that V = H" x M. and that V is a Riemannian manifold of 
dimension n endowed with S, T, v satisfying the compatibility equations for H" x R. 
We consider a local orthonormal frame (ei, . . . ,e„) on C/ C V, the associated one- 
forms a;", Lo'cj and the matrix of one- forms Vt E M„+i(]R). 

We use the fact that there exists an orthonormal frame on H" whose Christoffel 
symbols are constant; more precisely, we can choose the frame (Ea) on H" x M 
such that r^ ■ — — r^j = -y^ for i ^ j, i,j^n and all the other Christoffel symbols 
vanish. 

The first step is to prove the following proposition, which is analogous to propo- 
sition |^7| 

Proposition 3.9. Let yo E V and Aq G Z(jjq). Then there exist a neighbourhood 
Ui of Ho in V and a unique map A : Ui ^ SO„+i(M) such that 

A-hlA = n + L{A), 
yyeUi, A{y)eZiy), 

A{yo) = Ao, 
where Z{y) is defined in a way analogous to that of section \3.iA 

To prove this proposition, we introduce the form = Z'^dZ — Q, — L{Z) on 
J = {(y,Z) e C/ X SO„+i(M);Z e Z(y)}; this is well defined since the Christoffel 
symbols are constant. A long calculation shows that the distribution 1){y,Z) = 
k.erQ(^y^z) is involutive. We conclude as in the proof of proposition 13. 71 

The second step is to prove the following proposition. 

Proposition 3.10. Let xq E H" x M. There exist a neighbourhood U2 of yo con- 
tained in Ui and a function f '■ U2 ^ H" x M such that 

df = {Bo f)Auj, 
/(yo) = 2^0, 

where cu is the column {uj-^ , . . . , w", 0) and, for x E H" x R, B{x) E M„+i(R) is the 
matrix of the coordinates of the frame (Ea{x)) in the frame (a^) (we choose the 
upper half-space model for M"). 
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To prove it, we consider the form B^^dx — Aoj on Ui x V, and we show that its 
kernel again defines an involutivc distribution. 

The last step is to check that this map / satisfies the conclusions of theorem 13. 31 

4. Applications to minimal surfaces in M^ x R 

4.1. The associate family. Let M^ = S^ or M^ = H^. Let S be a Riemann surface 
with a metric ds^ (which we also denote by (•, •)), V its Riemannian connection, 
and J the rotation of angle ^ on TE. Let S be a field of symmetric operators 
Sj, : Tj^E -^ TyS. Let T be a vector field on S and i^ a smooth function on E such 
that ||r||2 + i/2 = 1. 

Proposition 4.1. Assume that S is trace-free and that (ds^,S,T, i/) satisfies the 
compatibility equations for M^ x M. For 9 gW we set 

Se = e®''S = (cos6i)S + (sin6l)JS, 

Tg = e^'^T == (cos 6l)T + (sin6i)JT, 

i.e., Se and Tg are obtained by rotating S and T by the angle 6. 

Then Sg is symmetric and trace- free, \\Tg\\'^-\-v'^ — 1 and {ds^ ,Sg,Tg,v) satisfies 
the compatibility equations for M^ x M. 

Proof. The fact that Se is symmetric and trace-free comes from an elementary 
computation. Moreover we have ||Te|| = ||T||- We notice that, since diniE = 2, 
the Gauss equation Q is equivalent to 

K = deiS + k{1 - \\T\\^) 

where K is the Gauss curvature of ds^ . Since det(e^'') = 1, we have det S^ = det S, 
and so the Gauss equation is satisfied for (ds^, Sg,Tg,v). 

Since e^'^ commutes with Vx (see jAR03| . section 3.2) and preserves the metric, 
equations Q and ifTUI) are also satisfied for (ds^, '&g,Tg,v). 

To prove that the Codazzi equation is satisfied by [ds"^ ,Sg,Tg,v), we first 
notice that, since V xe^-^SY - Vye^^SX - e^-'S[A:,y] = e«''(VjfSr - VySA - 
S[A, Y]), it suffices to prove that 

(e^-'r, Y)X - {e^^T, X)Y = e^\{T, Y)X - (T, X)Y). 

This is obvious at a point where X = Q. At a point where X ^ Q, we can write 
Y — \X + /iJAT, and a computation shows that both expressions are equal to 
licose{T,iX)X + nsine{T,X)X - ncose{T,X)iX + nsine{T,:iX)iX. D 

Theorem 4.2. Let Y, be a simply connected Riemann surface and x : Y. —^ M^ x 
M a conformal minimal immersion. Let N be the induced normal. Let S be the 
symmetric operator on E induced by the shape operator of x{T,). Let T be the vector 
field on E such that da;(r) is the projection of -^ onto T(a;(E)). Let v = (N, ^V 

Let Zq e E. Then there exists a unique family {xg)g^^ of conformal minimal 
immersions xg : Y, ^ WP x R such that: 

(1) xg{zo) = x{zo) and {dxg)zo = {<^^)zo, 

(2) the metrics induced on E by x and xg are the same, 

(3) the symmetric operator on E induced by the shape operator of xg{Y) is e^''S, 

(4) ^ = dxg(e^'^T) + vNg where Ng is the unit normal to xg. 
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Moreover we have xq — x and the family (xe) is continuous with respect to 9 . 

The family of immersions (x6/)e6K is called the associate family of the immersion 
X. The immersion xil is called the conjugate immersion of the immersion x. The 
immersion x-j^ is called the opposite immersion of the immersion x. 

Proof. Let ds^ be the metric on S induced by x. Then (ds^,S,r, z^) satisfies the 
compatibiHty equations for M^ x M. Thus, by proposition 14.11 (ds^, e^"'S,e^''r, i') 
also does. Thus by theorem 13.31 there exists a unique immersion xg satisfying the 
properties of the theorem. The fact that a:o = a: is clear. 

Finally, (ds^, e^"'S, e^'^T, z/) defines a matrix of one-forms Q.g and a matrix of 
functions Ag satisfying Aq dAg = Q.g (by proposition I3.7|l . By continuity of Q,g 
with respect to 9 we obtain the continuity of Ag with respect to 0, and then the 
continuity of xg with respect to 9. D 

Remark 4.3. Let t : S' ^ E be a conformal diffeomorphism. If r preserves the 
orientation, then {xoT)g = xgor; if t reverses the orientation, then (xoT)g = x^gor. 

In the sequel, we will speak of associate and conjugate immersions even if condi- 
tion 1 is not satisfied, i.e., we will consider these notions up to isometrics of M^ x R 
preserving the orientations of both M^ and R. 

Remark 4.4. The opposite immersion is x^r = cr o x where a is an isometry of 
M^ X R preserving the orientation of M^ and reversing the orientation of M (see 
proposition l3.8l case 2). 

Remark 4.5. This associate family for minimal immersions in M^ x E is anal- 
ogous to the associate family for minimal immersions in R'^. Conformal minimal 
immersions in R'^ are given by the Weierstrass representation: 

x{z) = x{zo) + Re (1 - g^, i{l + g^), 2g)uj 

J Zq 

where 5 is a meromorphic function on E (the Gauss map) and uj a holomorphic 
one-form. Then the associate immersions are 

xg[z) = x{zo) + Re /" (1 - g^ i(l -I- g''),2g)e''''uj. 

J za 

Let x = {ip^h) : Yj ^r M^ x M be a conformal minimal immersion. Then h is a 
real harmonic function and ip is a. harmonic map to M^. We set 

d \ ( d . d \ d \ f d . d 



dz 2 \du dv J ^ dz 2 \du dv 
The Hopf differential of f is the following 2-form (see |Ros02bj ) : 

Q^ = 4/^,^\d.^.f 1^ '- 1^ '-^z/I^.^N'ld.^ 
\oz oz / \ ou av \ou ov / I 

It is a holomorphic 2-form on E, and since x is conformal we have 

Q^ = -4 (|^)'dz2 =. -id{h + ^h*)r = -4^r,|^^dz2 
where h* is the harmonic conjugate function of h (i.e., 4r- — —^ and 4r- = ^)- 

^ ° ^ ' ou ov ov ou J 

The reader can refer to |SY97| for harmonic maps. 
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Proposition 4.6. Let x — (ip, h) : J^ —^ M^ xR be a conformal minimal im,m,ersion, 
and {xe) = {{ipd,hg)) its associate fam,ily of conformal minimal immersions. Let 
h* be the harmonic conjugate of h. Then we have 

kg = {cose)h+{sme)h*, Qipg = e'^^'^Qip. 

Proof. We have 

cos9( -?-,r\-sin6i( -?-,r 



du I \dv' 

dh . dh 

= cos 6'— smt^-;— . 

ou ov 

In the same way we have f^ = cos6' (|j,T) + sin6' (^, JT) = cos6if^ + sin^f^. 
This proves that kg = (cos 6') ft. + (sin 0) ft*. The expression of Q(pg follows immedi- 
ately. D 

Remark 4.7. Recently, Hauswirth, Sa Earp and Toubiana f lHSETOH l defined 
the following notion of associated immersions in H^ x M: two isometric conformal 
minimal immersions in H^ x R are said to be associated if their Hopf differential 
differ by the multiplication by some constant e**. Morover, they proved that two 
isometric conformal minimal immersions in H^ x K having the same Hopf differential 
are equal up to an isometry of H^ x R. Thus the notions of associated immersions 
in the sense of this paper and in the sense of HSET04, are equivalent. 

In SETIM" , Sa Earp and Toubiana ask the following question: if two conformal 
minimal immersions x,x : Tt —^ WP x R are isometric, then are they associated ? 
(This result holds for R^.) 

Remark 4.8. Abresch and Rosenberg ( |AR,03| ) defined a holomorphic Hopf dif- 
ferential for constant mean curvature surfaces in M^ x M. For minimal surfaces in 
M^ X R, this Hopf differential is 

Qix,Y) = -|((r,x)(T,y>-(r,jx)(r,jy» 

+i ^ ( (T, 3X) (T, Y) + (T, X) (T, JY) ) . 



A computation shows that 



= fQ^- 



Proposition 4.9. Let x : Y, ^ WP x R be a conformal minimal immersion. If x 
does not define a horizontal M^ x {t}, then the zeros of T are isolated. 

Proof. The height function ft = {x, -S^) satisfies dh{X) ~ {T,X); thus the zeroes of 
T are the zeroes of dft. Since ft is harmonic, either the zeroes of dft are isolated or 
ft is constant. The latter case is excluded by hypothesis. D 

Remark 4.10. Umbilic points (i.e., zeroes of the shape operator) may be non- 
isolated: for example helicoids and unduloids in S^ x R have curves of umbilic 
points (see section H?^ . 
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We now give some geometric properties of conjugate surfaces. 

The transformation S i-^- JS implies that curvature Unes and asymptotic hues are 
exchanged by conjugation (as in R^). (More generally the normal curvature and 
the normal torsion of a curve are swapped up to a sign.) The reader can refer to 
|Kar01| for geometric properties of conjugate surfaces in R^. 

Moreover, the transformation T i— > JT implies the following transformation: a 
horizontal curve 7 along which the surface is vertical (i.e., v — Q along 7 and 
7' is orthogonal to T) is mapped to vertical curve (i.e., u = Q along 7 and 7' is 
proportional to T), and vice versa. We also notice that a minimal surface cannot 
be horizontal along a horizontal curve unless the minimal surface is a horizontal 
M^ X {i} (indeed, this would imply that T = {) along this curve). 

Hence conjugation swaps two pairs of Schwarz reflections: 

(1) the symmetry with respect to a vertical plane containing a curvature line 
becomes the rotation with respect to a horizontal geodesic of M^ , and vice 
versa, 

(2) the symmetry with respect to a horizontal plane containing a curvature line 
becomes the rotation with respect to a vertical straight line, and vice versa. 

The first case is illustrated by a generatrix curve of an unduloid or a catenoid and 
a horizontal line of a helicoid; the second case is illustrated by the waist circle of 
an unduloid or a catenoid and the axis of a helicoid. These examples are detailed 
in sections lOl and lOl 

4.2. Helicoids and unduloids in §^ x R. Apart from the horizontal spheres 
S^ X {i} and the vertical cylinders §^ x R (§^ being a great circle in S^), the most 
simple examples of minimal surfaces in S^ x R are helicoids and unduloids. Theses 
surfaces are described in |PR99| and |Ros02bj . They are properly embedded and 
foliated by circles. Unduloids are rotational and vertically periodic; helicoids are 
invariant by a screw motion. 



Helicoids. For /3 7^ 0, the helicoid 'Kp is given by the following conformal immersion: 

x(u, v) 



I sin(/3(u) cos/3w \ 

sa\ip(u) sin/3t; 

cos (/?(«) 

V 



\ 



where the function (p satisfies 

(11) if'(uf = \ + ii'^sa? if>{u), V3"(u) = /?2sin(^(u)cos(p(u). 

We can assume that </?(0) = and ^p' iu) > 0. When /3 > we say that ^p is a 
right helicoid; when /3 < we say that 'Kp is a left helicoid. 



The normal to §^ x M in 



IS 



N{u,v) 



/ sin (p{u) cos (3v \ 

sin ip{u) sin l3v 

cosip(u) 

V / 



20 



BENOIT DANIEL 



The normal to J{/3 in §^ x M is 



N{u,v) 



f'{u) 



/ sin Pv \ 

— cos /3v 



y /3sin(/?(u) J 



We compute: 



N 



Id-" 



,N 



0, 



d'^x 



N 



-/3cos ip{u). 



\ dv'^ ' / ' \ dudv ' 

Using the fact that (SX, Y) = (dF(X), iV), we compute that the matrix of S in the 
frame (^, ■^) is the following: 

P cos ip(u) f I 



ifi'iuf \ 1 
In particular the points where cosip{u) — are umbilic points. We also have 



T 



1 



d 



/3sin ^{u) 



Remark 4.11. When /3 = 0, the formula defines a vertical cylinder §^ x M. When 
/? ^ oo, the surface converges to the foliation by horizontal spheres S^ x {t}. 

Unduloids. For a>lora<— 1, the unduloid lia is given by the following confor- 
mal immersion: 

/ sin'0(M) cosaw \ 

siniplu) sin aw 

cos V'(u) 

u 



x{u,v) 



V 



/ 



where the function ip satisfies 

(12) l + ip'{uf = a'^sin^tpiu), tp"{u) = a"^ smtp{u) cos^{u). 

We can assume that i/''(0) = 0, tp{u) E (0, tt) and cos V'(O) > 0. 



The normal to Ua in S"' x M is 



N{u,v) 



as[mp{u) 



/ — cos 'ip{u) cos av \ 
cos-0(u) sin aw 
sin^plu) 



V 



We compute that the matrix of S in the frame (^, ^) is the following: 



acos V'(w) 



1 
-1 



1+V''(u)2 

In particular the points where cosil'{u) — arc umbilic points. We also have 

1 + ip' (u)'^ du' asin'0(u) 

Remark 4.12. When a = ±1, the formula defines a vertical cylinder §^ x R. When 
a — > oo, the surface converges to the foliation by horizontal spheres §^ x {t}. 

Proposition 4.13. The conjugate surface of the unduloid lia is the helicoid !K^ 
with a^ = 1 + /3^ and a, (5 having the same sign. 
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Proof. We set yi{u) — acos-0(u) and 2/2 (w) — Pcosip{u). A computation shows 
that both 2/1 and y2 are solutions of the foUowing equation: 

and hence of the following equation: 

y"^yi2y^-a'-P'). 

We have V'(0) = and so by lO we have yiiOf = 0^ and thus j/i(0) = 0, and 
93(0) = so 2/2(0) = P and thus 2/2(0) = 0. Moreover, cos -0(0) > 0, so j/i(0) has the 
sign of a; since a and /? have the same sign, we have 2/1 (0) — (3. By the Cauchy- 
Lipschitz theorem we conclude that 2/1 =2/2- From this we deduce using H12|l and 
l|ll|l that (p'{u)'^ = 1 + i/j'{u)'^, and thus Uq, and JC^ are locally isometric, and 
Sm^ = JSu„ and T^^^ = ^Tu^. Finally we have uu„ = ~ ^2^i^2 and z/^^ = - ^2^_!^2 , 
so we get 1/^3 = i^Uc • D 

Remark 4.14. The vertical cylinder §^ x K is globally invariant by conjugation, 
but the vertical lines and the horizontal circles are exchanged. For example, a 
rectangle of height t and whose basis is an arc of angle 9 becomes a rectangle of 
height 9 and whose basis is an arc of angle t. 

The horizontal sphere §^ x {0} is pointwise invariant by conjugation (since it 
satisfies S = andr = 0). 

Remark 4.15. The horizontal projections of helicoids and unduloids are the Gauss 
maps of constant mean curvature Delaunay surfaces in M.^ : helicoids in §^ x M come 
from nodoids in M'^ and unduloids in §^ x M come from unduloids in M.^. This 
correspondance is described in fios03| . 

4.3. Helicoids and generalized catenoids in H^ x M. Apart from the horizontal 
planes H^ x {t} and the vertical planes H^ x M (H^ being a geodesic of H^), the 
most simple examples of minimal surfaces in H'^ x M are helicoids and catenoids. 
These surfaces are described in jPR99] and jNF!,02| . They are properly embedded. 
Catenoids are rotational; helicoids are invariant by a screw motion and foliated by 
geodesies of H^. 

More generally, Hauswirth classified minimal surfaces in H^ x M foliated by 
horizontal curves of constant curvature in H^ ([Hau03|). These surfaces form a 
two-parameter family. This family includes, among others, catenoids, helicoids and 
Riemann-type examples. All the surfaces described in this section belong to the 
Hauswirth family. 

Helicoids. For (3^0, the helicoid "Hp is given by the following conformal immersion: 

/ coship{u) \ 
, , sinh ip(u) cos dv 

X{U, V) = ■ -U ) \ • ,3 

sinh(y9(M) smpw 

V ^ / 

where the function tp satisfies 

(13) ip'{u)'^ = 1 + l3'^smh'^ip{u), ip"{u) ^ P^ sinh ip{u) cosh ip{u). 

We can assume that ip{0) — and (p'{u) > 0. The function ip is defined on a 
bounded interval. When (3 > we say that IK/3 is a right helicoid; when /3 < we 
say that IK/3 is a left helicoid. 
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The normal to !K/3 in . 



IS 



/ 



N{u,v) 



ip'{u) 



\ 





sin/3w 

- cos (3v 

\ /3sm]iip{u) I 



now /3 > 0. we compute that the matrix of S in the frame (^, ^) is the following: 

/3cosh(/?(-u) / 1 



We also have 



T ■ 



1 d 



1 

l3smhip{u) 



When 



Remark 4.16. When /3 = 0, the fomula defines a vertical plane 

/3 ^- oo, the surface converges to the foliation by horizontal planes H^ x {t}. 

Catenoids. For a ^ 0, the catenoid Ca is given by the following conformal immer- 
sion: 

/ coship{u) \ 

sinh ■(/;(«) cosav 

sinh'0(u) sinav 

u 



V 



/ 



x{u^ v) = 

where the function tp satisfies 

(14) I + %l^' {uf ^ a^sva)!' 4:{u), %(:" {u) ^ a^ sinYiip (u) cosh %l;{u). 

We can assume that V''(0) = and V^(u) > 0. The function -0 is defined on the 
interval {—U[j,Uq) with 

/■°° dV- r da; 

uo = / , „ ^^ = / 

"'V(o) V a sinh V ~ 1 -'i 

Thus we have 



V(a;2+a2)(^2_i)- 



■"0 < 



do; 



X\lP 



2' 



1 1 x\i x~ — 1 

This proves that the height of the catenoid Cq is smaller than tt; moreover the 
height tends to when a — > oo and to tt when a ^ (theorem 1 in |NR02| holds 
for t e (0, ■!)). The function ?/; is decreasing on (— mo,0) and increasing on (0, Uq)- 
The waist circle is given by m = 0. 



The normal to £„ in . 



IS 



N{u,v) 



1 

a sinh ■(/;(«) 



/ 



V 



/ 



— sinh'i/;(M) \ 

cosh?/;('u) cos at; 
- cosh'0(u) sin at; 

We compute that the matrix of S in the frame (^, ^) is the following: 

acosh-0(u) ( \ 

We also have 



T 



l + 7/''(u)2 

1 d 



asinh'i/;(u) 
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A minimal surface foliated by horocycles. We search a niinimal surface such that 
each horizontal curve is a horocycle in H^ and such that all the horocycles have the 
same asymptotic point. Such a surface can be parametrized in the following way: 



/ 



x{u,v) 



A(n) l+f{u,vY 

2 '^ 2X(u) 

A(«) , l + f(u,vf 
2 "•" 2A(m) 
U 



\ 
) 



with A > and -J- > Q. This immersion is conformal if and only if 



dl^f_X_ 
du A 



%)'-Mt' 



We deduce from the second relation that S-4- 



0, and so 
/(u, v) — a{u)v + l3{u). 
Reporting in the first relation we get 



a 
a 









The immersion is minimal if and only if Ax is proportional to the normal N to 
H^ X M; a computation shows that this happens if and only if (A')^ + a^X^ ~ XX" , 
i.e., if and only if 2{X')^ + A^ = AA", or, equivalently, 



1 
A' 



Up to a reparametrization and an isometry of H^ we can choose X{u) — a{u) — —^ 
for u E (— f , ^) and (3{u) — 0. Thus we get the following proposition. 



Proposition 4.17. The map 



x{u,v) 



/ V +1 I COS u \ 
2cosn ' 2 \ 

V 

cos u 

V —1 I COS u 

2 COS u 2 

\ U / 



defined for {u,v) € (~'|j'|) x ^ is a conformal minimal embedding such that the 
curves u — Uq are horocycles in H^ having the same asymptotic point. We will 
denote this surface by Cq. 

Morover, the surface Co is the unique one (up to isometrics of H^ x Mj having 
this property. 

In the upper half-plane model for H^, the curve at height u of Co is the horizontal 
Euclidean line X2 = cosu. Figure ^ is a picture of Co (in this picture the model for 
H^ is the Poincare unit disk model). The surface Co has height tt. It is symmetric 
with respect to the horizontal plane H^ x {0} and it is invariant by a one-parameter 
family of horizontal parabolic isometries. 
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Figure 1. A minimal surface in H^ x K foliated by horocycles. 



The normal to Co in H^ x E is 



N{u,v) 



/ v^-\-l I COS^ u \ 



1 — V I COS u 



V 



2 ' 2 

sinu 



/ 



We compute that the matrix of S in the frame (^, ■^) is the following: 

1 



cosu 



-1 



We also have 



T = cos u—-, i^ = sinu. 
ou 
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Minimal surfaces foliated by equidistants. For 7 G (0, 1) or 7 G (—1,0), we consider 
the following immersion: 

/ cosh x('u) cosh 7W \ 

sinhx('u) 

coshx(u) sinh7w 

u 



x{u, v) 



V 



/ 



with 

(15) 1 + x'(u)^ = 7^ cosh^ x(w), x"(") = 7^ coshx(M) sinhx(u)- 

It is a conformal minimal immersion. 

We choose % such that x'(0) = and x(u) > 0. The function x is defined on the 
interval (— uo,wo) with 

dx _ f°° dx 

Thus we have 



Uo 



(0) \/j^ cosh'^ X ^ 1 



^(x2-72)(a;2-l)' 



uo > 



da; 



TT 

2' 



/I x\/ x^ — 1 

We have defined a minimal surface S^, which we call a generalized catenoid. Its 
height is greater than tt, tends to tt when 7 — > and to +00 when 7 — > 1. The func- 
tion X is decreasing on (— ug, 0) and increasing on (0, uq)- The surface is symmetric 
with respect to the horizontal plane H^ x {0} and it is invariant by a one-parameter 
family of horizontal hyperbolic isometrics. The horizontal curves are equidistants 
to a geodesic in H^. 



The normal to S^ in 



7V(w,w) = - 



1 



7C0shx(u) 



/ sinhx(u) cosh7i; \ 

coshx(u) 

sinhx(u) sinh7f 

-X'(") 



V 



We compute that the matrix of S in the frame {-§-,-§-) is the following 



We also have 



T = 



7sinhx(M) 

1 d 

1 + x'(")^ du 



X'{u) 



7C0shx(w) 



Remark 4.18. When 7 = ±1, the formula defines a vertical plane H^ x R. 

Proposition 4.19. The conjugate surface of the catenoid Cq is the helicoid "Kfj 
with (3'^ — 1 + a^ and a, j3 having the same sign. 

Proof. We set yi{u) — Q;cosh^(u) and j/2(u) — /3 cosh </?(«). A computation shows 
that both yi and 2/2 arc solutions of the following equation: 

{y'f^{v'-a^){y^-n 



and hence of the following equation: 

y" = 2/(22/' 



n 
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We have ?/''(0) == and so by ^^ we have yi{0)^ = /3^ and thus y[{0) = 0, and 
(p{0) = so 2/2(0) = f3 and thus 2/2(0) — 0- Moreover, yi(0) has the sign of a, i.e., 
the sign of /3, so we get yi(0) = (3. By the Cauchy-Lipschitz theorem we conclude 
that j/i = j/2 (and in particular they have the same domain of definition). From 
this we deduce using H14() and (|13() that (p'{u)'^ = 1 + %Ij'{u)'^ , and thus Cq, and !K/3 

are locally isometric, Sjf „ — JSe and Tjc , = JTe . Finally we have vq = ^^ 2 

and i/jc^ = yi'1^2 , so we get ^/^^ = i^e„- □ 

Proposition 4.20. The conjugate surface of the surface Co is the helicoid 5{i. 

Proof. In the case where /3 = 1, the function (p satisfies if' = coshyj, and thus we 
have (p{u) = ln(tan(^ + t))! 'P'i'^) = ~^ 3'iid sinh(^(w) = tanw. Then, using the 
above calculations, we easily check that Co and Dii are locally isometric, and that 

Remark 4.21. The conjugate surface of the surface Co with the opposite orienta- 
tion is the helicoid IK_i. 

Proposition 4.22. The conjugate surface of the generalized catenoid S-y is the 
helicoid "Kp with /3^ + 7^ == 1 and j3, 7 having the same sign. 

Proof. We set yi{u) = 7sinhx(u) and y2{u) — (3cosh.Lp{u). A computation shows 
that both 2/1 and ?/2 are solutions of the following equation: 

and hence of the following equation: 

y" = y(2y2 + 7'-/32). 

We have x'(0) = and so by (^ we have yi(0)^ = /3^ and thus ?/J(0) = 0, and 
(/?(0) = so 2/2(0) = /3 and thus 2/2(0) = 0. Moreover, yi(0) has the sign of 7, i.e., 
the sign of /9, so we get j/i(0) — /3. By the Cauchy-Lipschitz theorem we conclude 
that z/i = j/2 (and in particular they have the same domain of definition). From 
this we deduce using ifT^ and l(T^ that (^'(w)^ = 1-1- x'(u)^, and thus S7 and "Kp 
are locally isometric, Sj<:^ = JSg^ and T-ji^ = JTg^. Finally we have i^g^ = ^^^ 2 

and i/jc^, = -yT^-, so we get vji^, ^vs-,- □ 

Remark 4.23. This study shows that there are three types of helicoid conjugates 
according to the parameter of the screw-motion associated to the helicoid: the first 
type ones are the catenoids, which are rotational surfaces, the second type one is 
Co, which is invariant by a one-parameter family of horizontal parabolic isometries 
and which corresponds to a critical value of the parameter, the third type ones are 
the generalized catenoids, which are invariant a one-parameter family of horizontal 
hyperbolic isometries. 

This phenomenon is very similar to what happens for the conjugate cousins in H'^ 
of the helicoids in R"^. There exists an isometric correspondance between minimal 
surfaces in M'^ and constant mean curvature one surfaces in H^ called the cousin 
relation (see |Bry87| and |UY93p . Starting from a helicoid in M'^, we consider its 
conjugate surface, which is a catenoid in M"^, and then the cousin surface in H^, 
which is a catenoid cousin. Catenoid cousins are of three types according to the 
parameter of the minimal helicoid: some are rotational surfaces, one is invariant by 
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a one-parameter family of parabolic isometries (and corresponds to a critical value 
of the parameter), some are invariant by a one-parameter family of hyperbolic 
isometries. These surfaces are described in details in |SET01| and |Ros02a] . 

Remark 4.24. All the above surfaces belong to the Hauswirth family: with the 
notations of Hau03 . helicoids correspond to d = 0, c > 0, c ^ 1; catenoids 
correspond to c = 0, d > 1; the surface Cq corresponds to c = 0, d = 1; the surfaces 
S-y correspond to c = 0, d G (0, 1). 

Remark 4.25. The vertical plane H^ x M is globally invariant by conjugation, but 
the vertical lines and the horizontal geodesies of H^ are exchanged. The horizontal 
plane H^ x {0} is pointwisc invariant by conjugation (since it satisfies S = and 
T = 0). This is similar to what happens in §^ x M. 
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